On graphs uniquely defined by their $k$-circular matroids by De Jesús, José F. & Kelmans, Alexander
ON GRAPHS UNIQUELY DEFINED
BY THEIR K-CIRCULAR MATROIDS
Jose´ F. De Jesu´s
University of Puerto Rico, San Juan, Puerto Rico, United States
Alexander Kelmans
University of Puerto Rico, San Juan, Puerto Rico, United States
Rutgers University, New Brunswick, New Jersey, United States
Abstract
In 30’s Hassler Whitney considered and completely solved the problem (WP ) of
describing the classes of graphs G having the same cycle matroid M(G) [14, 15]. A
natural analog (WP )′ of Whitney’s problem (WP ) is to describe the classes of graphs
G having the same matroid M ′(G), where M ′(G) is a matroid (on the edge set of
G) distinct from M(G). For example, the corresponding problem (WP )′ = (WP )θ
for the so-called bicircular matroid Mθ(G) of graph G was solved in [2, 11]. In [6] we
introduced and studied the so-called k-circular matroids Mk(G) for every non-negative
integer k that is a natural generalization of the cycle matroid M(G) := M0(G) and
of the bicircular matroid Mθ(G) := M1(G) of graph G. In this paper (which is a
continuation of our paper [6]) we establish some properties of graphs guaranteeing
that the graphs are uniquely defined by their k-circular matroids.
Key words: graph, vertex star, bicycle, cacti-graph, matroid, k-circular matroid,
non-separating cocircuit.
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1 Introduction
In 30’s Hassler Whitney developed a remarkable theory on the matroid isomorphism and
the matroid duality of graphs [13–16]. He considered a graph G and the so called cycle
matroid M(G) of G (whose circuits are the edge subsets of the cycles in G) and stated the
following natural problems on pairs 〈G,M(G)〉:
(WP ) describe the classes of graphs having the same cycle matroid and, in particular,
graphs that can be reconstructed from cycle matroid (up to the names of vertices) and
(WP ∗) describe the pairs of graphs whose cycle matroids are dual, i.e. describe the class
of graphs closed under their cycle matroids duality.
Classical Whitney’s graph matroid-isomorphism theorem and Whitney’s planarity crite-
rion provide the answers to the above questions [14–16] (see also [10]).
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Naturally, Whitney’s problems and interesting results along this line prompted further
questions and research on possible strengthenings as well as various extensions or analogs of
some Whitney’s results (see, for example, [2, 4, 5, 7, 8, 11]).
In [6] we introduced and studied the so-called k-circular matroids Mk(G) of graph G.
It is natural to consider an analog (WP )k of Whitney’s problem (WP ) := (WP )0 on the
classes of graphs having the same k-circular matroid. In this paper (which is a continuation
of our paper [6]) we consider a particular problem of (WP )k on graphs uniquely defined by
their k-circular matroids.
Section 2 provides some notions, notation, and some necessary preliminary facts on ma-
troids and graphs. In particular, we introduce a classification of the vertex stars of a graph
G in terms of the corank of matroid Mk(G). This classification will play a key role in the
study of the problem on describing the graphs uniquely defined by their k-circular matroids.
In Section 3 we describe the vertex stars in a graph G that are cocircuits of matroid
Mk(G).
In Section 4 we characterize the so-called non-separating cocircuits of matroid Mk(G) in
terms of graph G. This notion will be essential in proving some results on pairs 〈G,Mk(G)〉
analogous to Whitney’s matroid isomorphism theorem.
By Whitney’s matroid isomorphism theorem a graph with at least 4 vertices is uniquely
defined by its cycle matroid if and only if the graph is multi 3-connected. In Section 5
we provide an extension of above Whitney’s result by describing a class of graphs uniquely
defined by their k-circular matroid. Every vertex star in a graph G of this class is a non-
separating cocircuit of Mk(G). This result as well as the main result of the next section
is based on the fact that if S is a non-separating cocircuit of Mk(G), then S is not only a
vertex star of G but also a vertex star of every graph G′ with Mk(G′) = Mk(G).
In Section 6 we describe another class of graphs uniquely defined by their k-circular
matroid. For each graph G in this class every vertex star of G except for one is a non-
separating cocircuit of Mk(G).
2 Main notions and notation
The basic notions and notation we use here is the same as in our paper [6] since this paper
is a continuation of [6] (see also [1,3,10,12]). We will remind here some of these notions and
notation.
A graph G is called cacti-graph if G has no isolated vertices, no leaves, and no cycle
components. A connected cacti-graph is called a cactus. Let G./ denote the set of cacti-
graphs and CG./ denote the set of connected graphs from G./, and so each member of CG./
is a cactus.
Let G be the set of finite graphs and G ∈ G. Let ∆(G) = |E(G)| − |V (G)|.
Instead of ∆(G) we will write simply ∆G. Let X ⊆ E(G) and G〈X〉 be the subgraph of G
induced by X. Then ∆(G〈X〉) = |X| − |V (G〈X〉)|.
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For a graph G = (V,E, φ) and k ≥ 1, let Ck(G) = {C ⊆ E : ∆G〈C〉 = k and G〈C〉 ∈ G./}.
Then Ck(G) is the collection of circuits of a matroid on E (see [6]). We call
Mk(G) = (E, Ck(G)) the k-circular matroid of graph G.
Let Ik(G), Bk(G), and C∗k(G) denote the families of independent sets, bases, and cocircuits
of Mk(G), respectively. Let ρk(G) and ρ
∗
k(G) denote the rank and the corank of matroid
Mk(G).
For a graph G with at least one cycle, let bGc denote the maximum subgraph of G with
no leaves and no isolated vertices. Graph bGc is called the kernel of graph G. If F is a forest,
then the kernel of F is not defined.
For a graph G having a component with at least two cycles, let [G] denote the maximum
subgraph of G with no leaves, no isolated vertices, and no cycle components. Graph [G] is
called the core of graph G. If every component of G has at most one cycle, then the core of
G is not defined.
We defined a matroid M = (E, I) to be connected if M has no loops, no coloops and if
every two elements in E belong to a common circuit of M .
We call a cocircuit C∗ of a connected matroid M a non-separating cocircuit of M if M \C∗
is a connected matroid (see [9]).
Here is some notation we will use:
S(v,G) is the v-star in G, i.e. the set of edges incident to vertex v in G and s(v,G) =
|S(v,G)|,
S(G) = {S(v,G) : v ∈ V (G)} is the set of vertex stars of G,
NC∗k(G) is the set of non-separating cocircuit of matroid Mk(G), and
Sk(G) is the set of vertex stars S of G such that |S| ≤ ρ∗k(G), and so Sk(G) is the set of
k-small vertex stars S of G.
We also remind that graphs G = (V,E, φ) and G′ = (V ′, E ′, φ′) with E = E ′ are strongly
isomorphic if there exists a bijection ν : V → V ′ such that φ(e) = {x, y} ⇔ φ′(e) =
{ν(x), ν(y)}.
Matroid M is called k-circular if there exists a graph G such that M is the k-circular
matroid of G, i.e. M = Mk(G). If Mk(G) = Mk(G
′) implies that graphs G and G′ are
strongly isomorphic, then we say that G is uniquely defined by Mk(G).
A natural problem (WP )′k is to describe all graphs G that are uniquely defined by
Mk(G). In this paper we establish some properties of graphs guaranteeing that the graphs
are uniquely defined by their k-circular matroids.
It is easy to see that graphs G and G′ with E(G) = E(G′) are strongly isomorphic if
and only if S(G) = S(G′). For that reason the notion of a vertex star in a graph will play a
central role in our discussion of the problem (WP )′k.
We will distinguish between three types of vertices according to the size of their vertex
stars in a graph G with respect to the rank ρ∗k(G) of matroid M
∗
k (G). We recall [6] that if
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Mk(G) is a connected matroid, then ρ
∗
k(G) = ∆G− k + 1.
Definition 2.1 Let x be a vertex in G, k ≥ 0, Mk(G) a connected matroid, and ρ∗k(G) the
corank of Mk(G). Then x is called a k-small vertex of G if s(x,G) < ρ
∗
k(G) + 1, a k-tight
vertex of G if s(x,G) = ρ∗k(G) + 1, and a k-big vertex of G if s(x,G) > ρ
∗
k(G) + 1.
Figure 1: Changes of the status of vertices when k increases from 0 to 5.
Figure 2: Changes of the status of vertices when k increases from 6 to 8.
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3 Stars of G that are cocircuits in Mk(G)
We start with the following simple and useful observation.
Claim 3.1 If K is a cocircuit of a matroid, then |K| ≤ ρ∗(M) + 1.
We remind that if B ∈ Bk(G) and e ∈ B, then K(e, B) denotes the fundamental cocircuit
of B rooted at e.
Claim 3.2 Let G be a graph, k ≥ 1, and x ∈ V (G). Suppose that Mk(G) is a connected
matroid, B is a base of Mk(G), s(x,G〈B〉) = 1, and e is the edge incident to x in G〈B〉.
Then S(x,G) = K(e, B), and so S(x,G) ∈ C∗k(G).
Proof (uses Theorems 4.6 and 4.7)
First, suppose that e is a loop in G. Since s(x,G〈B〉) = 1, clearly, G〈e〉 is a cycle
component of G〈B〉 with exactly one vertex x and one edge e. Then by Theorem 4.7,
K(e, B)\e is the set of edges in E\B having x as an end vertex. Therefore S(x,G) = K(e, B).
Now, suppose that e is not a loop in G. Then x is a leaf in G〈B〉. By Theorem 4.6, again
S(x,G) = K(e, B). 
We remind the following known fact on matroids.
Claim 3.3 Let M = (E, I) be a matroid. Then
(c1) if B ∈ B(M) and e ∈ E \B = B∗, then there exists a unique circuit C = C(e, B) of M
such that e ∈ C ⊆ B ∪ e (or, equivalently, such that C ∩B∗ = {e}),
(c2) similarly, if B ∈ B(M) and e ∈ B, then there exists a unique cocircuit C∗ = C∗(e, B)
of M such that e ∈ C∗ ⊆ B∗ ∪ e (or, equivalently, such that C∗ ∩B = {e}),
(c3) u ∈ C(e, B)\e⇔ (B\u)∪e ∈ B(M) and similarly, u ∈ C∗(e, B)\e⇔ (B\e)∪u ∈ B(M),
and
(c4) for every C ∈ C(M) (C∗ ∈ C(M)) there exists B ∈ B and e ∈ E \ B = B∗ such that
C = C(e, B) (respectively, e ∈ B such that C∗ = C∗(e, B)).
Claim 3.4 Let G be a graph, x a vertex of G, and k ≥ 1. Suppose that Mk(G) is a connected
matroid. Then the following are equivalent:
(c1) S(x,G) ∈ C∗k(G) and
(c2) for every edge e in S(x,G) there exists B ∈ Bk(G) such that e is either a dangling edge
at x or the edge of a loop component in G〈B〉.
Proof (uses Theorems 4.6 and 4.7 and Claims 3.2 and 3.3)
First, we prove (c1) ⇒ (c2). Since S = S(x,G) is a cocircuit, by Claim 3.3 (c3), there
exists D ∈ Bk(G) and d ∈ D such that S = K(d,D), and so S ∩D = d. Since S is a vertex
star of G, d is either a dangling edge at x or the edge of a loop component in G〈D〉. Let
e ∈ S = K(d,D). Then by Theorem 4.6 in case edge d is dangling and by Theorem 4.7 in case
edge d is the edge of a loop component in G〈D〉, we have: B = (D \ d)∪ e ∈ Bk(G). Clearly,
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K(e, B) = K(d,D) = S. By the previous argument applied to B, e, and S = K(e, B), e is
either a dangling edge or the edge of a loop component in G〈B〉.
Now, we prove (c2) ⇒ (c1). Let e ∈ S(x,G) and B ∈ Bk(G) such that e is either a
dangling edge at x or the edge of a loop component in G〈B〉. Then s(x,G〈B〉) = 1. By
Claim 3.2, S(x,G) ∈ C∗k(G). 
We need the following three claims from [6].
Claim 3.5 (see Claim 4.4.11 in [6]) Let k ≥ 1. If Mk(G) is a connected matroid, then
G ∈ G./ and ∆G ≥ k.
Theorem 3.6 (4.5.3 in [6]) Graph structure of a base of Mk(G) in graph G
Let G be a graph and k ≥ 1. Suppose that Mk(G) is a connected matroid. Then the
following are equivalent:
(c1) B ∈ Bk(G) and
(c2) ∆G〈B〉 = k − 1, V (G〈B〉) = V (G) ( i.e. B spans V (G) ), and ∆A ≥ 0 for every
component A of G〈B〉 ( i.e. G〈B〉 has no tree component ).
Corollary 3.7 (4.5.4 in [6]) Let G be a graph and k ≥ 1. Suppose that Mk(G) is a connected
matroid. Then ρk(G) = |V (G)| − 1 + k and ρ∗k(G) = |E(G)| − |V (G)|+ 1− k.
Claim 3.8 Let G be a graph and k ≥ 1. Suppose that
(a1) Mk(G) is a connected matroid and
(a2) x is a vertex of G such that s(x,G) ≤ ρ∗k(G) + 1, i.e. x is not a k-big vertex of G.
Then the following are equivalent:
(c1) there exists B ∈ Bk(G) such that x /∈ V bG〈B〉c and
(c2) Q \ x has a cycle, where Q is the component of G containing x.
Proof (uses Theorem 3.6, Corollary 3.7, and Claim 3.5)
(p1) We prove (c1) ⇒ (c2). Suppose that B ∈ Bk(G) and x /∈ V bG〈B〉c. By Theorem 3.6,
every component of G〈B〉 has a cycle. Let A be the component of G〈B〉 containing x. Since
x /∈ V bG〈B〉c, clearly, A has a cycle C avoiding x. Obviously, Q contains A, and therefore
also contains C.
(p2) We prove (c2)⇒ (c1). Since Mk(G) is connected, by Claim 3.5, G ∈ G./. Since G ∈ G./,
clearly, G \ e has no tree component for every edge e in G. Then there exists a maximal
subset Z of S = S(x,G) such that G′ = G \ Z has no tree component and there is an edge
p in S \ Z incident to a component of G \ x having a cycle. By assumption (c2), such edge
set Z exists and by the maximality of Z edge p is unique. Therefore a /∈ EbG′c for every
a ∈ S \ Z = S ∩ E(G′). Thus, x /∈ V bA′c for every A′ ∈ Cmp(G′).
Since G \ e has no tree component for every edge e in G, set Z is a proper subset
of S. Then, clearly, V (G′) = V (G). Since Mk(G) is a connected matroid, by Corollary
3.7, we have: ρ∗k(G) = |E(G)| − |V (G)| + 1 − k. Since s(x,G) ≤ ρ∗k(G) + 1, we have:
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|E(G)|−s(x,G)+1−|V (G)| ≥ k−1. Since |Z| < s(x,G), we have: ∆G′ = |E(G′)|−|V (G′)| =
|E(G)| − |Z| − |V (G)| ≥ |E(G)| − s(x,G) + 1− |V (G)| ≥ k − 1.
Let F be the family of subgraphs F of G′ such that V (F ) = V (G′), ∆F ≥ k − 1, and F
has no tree component. Let H ∈ F be such that ∆H is minimum. Let B = E(H). Since
H is a subgraph of G′, clearly x /∈ V bAc for every A ∈ Cmp(H) = Cmp(G〈B〉). We claim
that B ∈ Bk(G). By Theorem 3.6, it is sufficient to prove that ∆H = k − 1.
First, suppose that every component of H has exactly one cycle. Then ∆H = 0. Since
0 = ∆H ≥ k − 1 and k is a postive integer, clearly k = 1, and therefore ∆H = k − 1.
Now, suppose that H has a component D such that D has at least two cycles. Let e be
an edge that belongs to a cycle in D. Let H ′ = H \ e. Then, clearly, V (H ′) = V (G′), H ′
has no tree component, and ∆H ′ = ∆H − 1. By the selection of H, graph H ′ /∈ F , and so
∆H ′ < k − 1. Therefore, ∆H = k − 1. 
Claim 3.9 (3.3.9 in [6]) Let A be a connected graph with at least one cycle and e ∈ E(A).
Then
(c0) e ∈ EbAc if and only if both end vertices of e belong to bAc,
(c1) if e /∈ EbAc, then A \ e has two components and exactly one of them is a tree and the
other component contains bAc,
(c2) if A has one cycle and e ∈ EbAc, then A \ e is a tree,
(c3) if A has at least two cycles and e ∈ EbAc, then every component of A \ e contains a
cycle, and
(c4) if A \ e has two components and v ∈ V bAc, then the component of A \ e containing v is
not a tree.
Notation 3.10 Let G be a graph and x ∈ V (G). If G \ x has a cycle, then let Gx denote
the union of all non-tree components of G \ x. If G \ x has a tree component, then let Gx
denote the union of all tree components of G \ x.
Claim 3.11 Let G be a graph, x ∈ V (G), and k ≥ 1. Suppose that
(a1) Mk(G) is a connected matroid and
(a2) there exists B ∈ Bk(G) such that x /∈ V bG〈B〉c.
Then there exists B′ ∈ Bk(G) such that
(c1) T is a tree component of G〈B′〉 \ x if and only if T is a tree component of G \ x,
(c2) G〈B′〉 \ V (Gx) is a tree, and
(c3) there is exactly one edge in G〈B′〉 from x to V (Gx).
Proof (uses Theorem 3.6 and 4.6 and Claims 3.9 and 3.3)
Let F = {B ∈ Bk(G) : x /∈ V bG〈B〉c}. By assumption (a2) of our claim, F 6= ∅. Let
B′ ∈ F be such that s(x,G〈B′〉) is minimum. Since B′ ∈ Bk(G), by Theorem 3.6, B′ spans
V (G) and G〈B′〉 has no tree components. We claim that G〈B′〉 satisfies conditions (c1)−(c3)
of our claim.
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Since by (a2), x /∈ V bG〈B′〉c, graph G \ x has a cycle and Gx is defined.
Let A′ be the component of G〈B′〉 containing x, and so x /∈ V bA′c. Since x is not incident
to bA′c, clearly, e /∈ EbA′c for every e ∈ S(x,B′).
By Claim 3.9 (c2), for every e ∈ S(x,A′) the graph A′ \ e consists of two components:
one of these two components is a tree Te and the other component Ue contains bA′c.
Let P be a minimal path in A′ from x to bA′c. We claim that P is the only minimal
path in A′ from x to bA′c. Indeed, if there is another minimal path P ′ from x to bA′c, then
the core of P ∪ P ′ ∪ bA′c is a subgraph of A′ containing bA′′c properly, contradicting the
definition of bA′c. Obviously, S(x,A′) and E(P ) have exactly one edge in common, say f .
Suppose that there exists a tree component T of G〈B′〉 \ x. Then clearly, T = Te for
some e ∈ S(x,A′) \ f . We claim that T is a tree component of G \ x. Indeed, suppose not.
Then there exists g ∈ E \ B′ such that g is incident to T and not incident to x. Therefore
by Theorem 4.6, g ∈ K(e, B′). By Claim 3.3, B′′ = (B′ \ e) ∪ g is a k-base of G. Clearly,
x /∈ V bG〈B′′〉c, and so B′′ ∈ F . But s(x,G〈B′′〉) < s(x,G〈B′〉), contradicting the selection
of B′.
Now, suppose that there exists a tree component T of G \ x. Then every cycle of G
having vertices of T contains x. Since B′ spans V (G) and G〈B′〉 has no tree components,
there exists an edge e ∈ B′ incident to a vertex z of T and V (G) \ V (T ). Since T is a tree
component of G \ x, edge e is incident to vertex x. Since Te is a component of G〈B′〉 \ e, Te
is a subgraph of the component of G \ x containing z. Therefore Te is a subtree of T . By
the argument in the previous paragraph Te is a tree component of G \ x. Therefore Te = T
and e is the only edge in B′ having exactly one end vertex in T . Thus, our claims (c1) and
(c2) are true.
Since T is a tree component of G〈B′〉 \ x if and only if T is a tree component of G \ x,
every vertex of V (Gx) belongs to a non-tree component of G〈B′〉 \ x. If there are two edges
in G〈B′〉 from x to V (Gx), then x ∈ [G〈B′〉], contradicting that x /∈ V bG〈B′〉c. Therefore f
is the only edge in G〈B′〉 from x to V (Gx), and so (c3) of our claim is true. 
Claim 3.12 Let G be a graph and k ≥ 1. Suppose that
(a1) Mk(G) is a connected matroid,
(a2) there exists B ∈ Bk(G) and x ∈ V (G) such that x /∈ V bG〈B〉c, and
(a3) G \ x has no tree component.
Then there exists B′ ∈ Bk(G) such that x is a leaf in G〈B′〉.
Proof (uses Claims 3.11)
The assumptions (a1) and (a2) of our claim are the assumptions (a1) and (a2), respec-
tively of Claim 3.11. Therefore there exists B′ ∈ Bk(G) satisfying claims (c1)− (c3) of Claim
3.11. Since G \ x has no tree component, by Claim 3.11 (c1), graph G〈B′〉 \ x has no tree
component. Therefore V (G) = V (Gx) ∪ {x}. By Claim 3.11 (c2), G〈B′〉 \ V (Gx) is the
isolated vertex x. By Claim 3.11 (c3), there is exactly one edge in G〈B′〉 from x to V (Gx),
and so x is a leaf in G〈B′〉. 
From Claims 3.8 and 3.12, we have:
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Claim 3.13 Let G be a graph and k ≥ 1. Suppose that
(a1) Mk(G) is a connected matorid,
(a2) x is a vertex of G such that s(x,G) ≤ ρ∗k(G) + 1, i.e. x is not a k-big vertex of G, and
(a3) G \ x has no tree component.
Then exactly one of the following holds:
(c1) the component of G containing vertex x has no other vertex,
(c2) there exists B ∈ Bk(G) such that x is a leaf in G〈B〉.
From Claims 3.4 and 3.13, we have:
Theorem 3.14 A condition for a star to be a k-cocircuit
Let G be a graph, k ≥ 1, and x ∈ V (G). Suppose that
(a1) Mk(G) is a connected matroid and
(a2) s(x,G) ≤ ρ∗k(G) + 1, i.e. x is not a k-big vertex of G.
Then the following are equivalent:
(c1) S(x,G) ∈ C∗k(G) and
(c2) G \ x has no tree component.
Proof (uses Theorem 3.6, Corollary 3.7, and Claims 3.4, 3.8, and 3.13)
(p1) First, we prove (c1) ⇒ (c2). Let e ∈ S(x,G). Since S(x,G) ∈ C∗k(G), by Claim 3.4,
there exists B ∈ Bk(G) such that e is either a dangling edge or the edge of a loop component
in G〈B〉. By Theorem 3.6, every component in G〈B〉 contains a cycle. Therefore every
component of G〈B〉 \ x has a cycle. Thus, G \ x has no tree component.
(p2) Now, we prove (c2) ⇒ (c1). If the component of G containing x has at least two
vertices, by Claim 3.13, there exists B ∈ Bk(G) such that x is a leaf in G〈B〉. Therefore, by
Claim 3.4, S = S(x,G) ∈ C∗k(G). So we assume that the component of G containing vertex
x has no other vertex, and so every edge in S(x,G) is a loop in G.
In what follows, the arguments we use are similar to those in (p2) of the proof of Claim
3.8.
Let e ∈ S = S(x,G) and Z = S \e. Let G′ = G\Z. Since Mk(G) is a connected matroid,
by Corollary 3.7, we have: ρ∗k(G) = |E(G)| − |V (G)| + 1 − k. Since s(x,G) ≤ ρ∗k(G) + 1,
we have: |E(G)| − s(x,G) + 1 − |V (G)| ≥ k − 1. Since |Z| < s(x,G), we have: ∆G′ =
|E(G′)| − |V (G′)| = |E(G)| − |Z| − |V (G)| ≥ |E(G)| − s(x,G) + 1− |V (G)| ≥ k− 1. Clearly
V (G′) = V (G), ∆G′ ≥ k − 1, and G′ has no tree component.
Let F be the family of subgraphs F of G′ such that V (F ) = V (G′), ∆F ≥ k − 1, and
F has no tree component. Let H ∈ F be such that ∆H is minimum. Let B = E(H). We
claim that B ∈ Bk(G). By Theorem 3.6, it is sufficient to prove that ∆H = k − 1.
First, suppose that every component of H has exactly one cycle. Then ∆H = 0. Since
0 = ∆H ≥ k − 1 and k is a postive integer, clearly k = 1, and therefore ∆H = k − 1.
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Now, suppose that H has a component D such that D has at least two cycles. Let p be
an edge that belongs to a cycle in D. Let H ′ = H \ p. Then clearly, V (H ′) = V (G′), H ′
has no tree component, and ∆H ′ = ∆H − 1. By the selection of H, graph H ′ /∈ F , and so
∆H ′ < k − 1. Therefore, ∆H = k − 1.
Thus, in both cases ∆H = k − 1, and so B ∈ Bk(G). By definition of H and since the
component of G containing vertex x has no other vertex, clearly e is the only edge of the
component of H = G〈B〉 containing x. By Claim 3.4, S(x,G) ∈ C∗k(G). 
4 Stars of G and non-separating cocircuits of Mk(G)
We will use the following three facts from [6].
Theorem 4.1 (4.2.1 in [6]) A criterion for matroid Mk(G) to be non-trivial
Let G be a graph, F (G) the union of all tree components of G, and k ≥ 1. Then the
following are equivalent:
(a1) Ck(G) 6= ∅,
(a2) k ≤ ∆G+ cmp(F (G)), and
(a3) Mk(G) is a non-trivial matroid.
Theorem 4.2 (4.4.5 in [6]) Graph description of connected matroid Mk(G)
Let k ≥ 2. Then the following are equivalent:
(a1) Mk(G) is a non-trivial matroid and G ∈ G./ and
(a2) Mk(G) is a connected matroid.
Theorem 4.3 (4.4.6 in [6]) Graph description of connected matroid M1(G)
The following are equivalent:
(a1) M1(G) is a non-trivial matroid and G ∈ CG./ and
(a2) M1(G) is a connected matroid.
Recall that a cocircuit K of a connected matroid M is non-separating if and only if
matroid M \K is connected. Given a graph G, let NC∗k(G) denote the set of non-separating
cocircuit of Mk(G).
Here is a graph description of non-separating cocircuits of Mk(G) in terms of k and G.
Claim 4.4 Let G be a graph, K ⊆ E(G), and k ≥ 1. Then the following are equivalent:
(c1) K ∈ NC∗k(G) and
(c2) ∆(G \K) ≥ k and
(c2.1) G \K ∈ CG./ if k = 1 and
(c2.2) G \K ∈ G./ if k ≥ 2.
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Proof (uses Theorem 4.1, 4.2, and 4.3)
By definition, K ∈ NC∗k(G) if and only if Mk(G) \ K is a connected matroid. Clearly,
Mk(G) \ K = Mk(G \ K). Therefore K ∈ NC∗k(G) if and only if matroid Mk(G \ K) is
connected.
Suppose that k = 1. By Theorem 4.3 for k = 1, M1(G \K) is connected if and only if
M1(G) is non-trivial and G ∈ CG./.
Next, suppose that k ≥ 2. By Theorem 4.2 for k ≥ 2, Mk(G \ K) is connected if and
only if Mk(G) is non-trivial and G ∈ CG./.
Now, if G \K ∈ G./, then G \K has no tree components and by Theorem 4.1, Mk(G) is
non-trivial if and only if ∆(G \K) ≥ k. Thus, (c1)⇔ (c2). 
We will distinguish between three possible types of (B, e)-cocircuits K(e, B) depending
on the structure of component A of G〈B〉 containing edge e and on the position of edge e in
A.
Definition 4.5 (4.7.1 in [6])
Let B ∈ Bk(G), e ∈ B, and k ≥ 1. Then
(t1) K(e, B) is a (B, e)-cocircuit in Mk(G) of type 1, if e /∈ EbAc, where A is a component
of G〈B〉 containing edge e,
(t2) K(e, B) is a (B, e)-cocircuit in Mk(G) of type 2, if e ∈ EbAc, where A is a unicyclic
component of G〈B〉 containing edge e, and
(t3) K(e, B) is a (B, e)-cocircuit in Mk(G) of type 3, if e ∈ E[A], where A is a component
of G〈B〉 that has at least two cycles and contains edge e.
Theorem 4.6 (4.7.2 in [6]) Graph description of rooted cocircuits of type 1
Let G be a graph and k ≥ 1. Suppose that
(a1) Mk(G) is a connected matroid, B ∈ Bk(G), and e ∈ B and
(a2) K(e, B) is a (B, e)-cocircuit in Mk(G) of type 1 (i.e. edge e /∈ EbAc, where A is a
component of G〈B〉 containing edge e).
Then exactly one of the two components of A \ e is a tree T and K(e, B) = K ′(e, B)∪ e,
where K ′(e, B) is the set of edges in E \B having at least one end-vertex in V (T ).
Theorem 4.7 (4.7.3 in [6]) Graph description of rooted cocircuits of type 2
Let G be a graph and k ≥ 1. Suppose that
(a1) Mk(G) is a connected matroid, B ∈ Bk(G), and e ∈ B and
(a2) K(e, B) is a (B, e)-cocircuit in Mk(G) of type 2, (i.e. e ∈ EbAc, where A is a unicyclic
component of G〈B〉 containing edge e).
Then A \ e is a tree and K(e, B) = K ′(e, B) ∪ e, where K ′(e, B) is the set of edges in
E \B having at least one end-vertex in V (A \ e).
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Theorem 4.8 (4.7.4 in [6]) Graph description of rooted cocircuits of type 3
Let G be a graph and k ≥ 1. Suppose that
(a1) Mk(G) is a connected matroid, B ∈ Bk(G), and e ∈ B and
(a2) K(e, B) is a (B, e)-cocircuit in Mk(G) of type 3, (i.e. e ∈ E[A], where A is a component
of G〈B〉 that has at least two cycles and contains edge e).
Then K(e, B) = (E \B) ∪ e.
Claim 4.9 Let G be a graph and k ≥ 1. If Mk(G) is a connected matroid, then
NC∗k(G) ⊆ S(G).
Proof (uses Theorems 4.6, 4.7, and 4.8 and Claim 3.3)
Since K ∈ C∗k(G), by Claim 3.3 (c3), there exists B ∈ Bk(G) and e ∈ B such that K is
the (B, e)-cocircuit in Mk(G).
First, suppose that K is the (B, e)-cocircuit in Mk(G) of type 3. Then by Definition
4.5, e /∈ EbAc, where A is a component of G〈B〉 containing edge e. Hence by Theorem 4.8,
K = (E(G) \B)∪ e, and so E(G) \K ⊂ B. Therefore E(G) \K ∈ Ik(G). Thus, Mk(G) \K
is not a connected matroid, contradicting K ∈ NC∗k(G).
Next, suppose that K is the (B, e)-cocircuit in Mk(G) of type 2. Then by Definition 4.5,
e ∈ EbAc, where A is a unicyclic component of G〈B〉 containing edge e. Hence by Theorem
4.7, A \ e is a tree and K \ e is the set of edges in E \ B having at least one end-vertex in
V (A\ e). If A has at least two edges, then A\ e is a tree component of G\K having at least
one edge. Clearly, no edge of A \ e belongs to a k-circuit of G \K. Therefore Mk(G \K)
is not a connected matroid, again contradicting K ∈ NC∗k(G). Therefore e is the only edge
of the component of G〈B〉 and it is a loop incident to exactly one vertex, say x. Clearly,
S(x,G) is the set of edges in E \B incident to x, and so K = S(x,G).
Finally, suppose that K is the (B, e)-cocircuit in Mk(G) of type 1. Then by Definition
4.5, e ∈ E[A], where A is a component of G〈B〉 that has at least two cycles and contains
edge e. Hence by Theorem 4.6, exactly one of the two components of A \ e is a tree T and
K \e is the set of edges in E \B having at least one end-vertex in V (T ). Therefore T is a tree
component of G \K. If |V (T )| ≥ 2, then |E(T )| ≥ 1 and no edge of T belongs to a k-circuit
of G \ K. Therefore Mk(G \ K) is not a connected matroid, contradicting K ∈ NC∗k(G).
Thus, T has exactly one vertex, say x. Clearly, is S(x,G) is the set of edges in E \B incident
to x, and so K = S(x,G).
Thus, we have proved that if K ∈ NC∗k(G), then there exists x ∈ V (G) such that
K = S(x,G). 
Claim 4.10 Let G be a graph, x a vertex of G, and k ≥ 1. Suppose that
(a1) Mk(G) is a connected matroid and
(a2) s(x,G) ≤ ρ∗k(G), i.e. x is a k-small vertex of G.
Then Mk(G \ x) is a non-trivial matroid.
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Proof (uses Theorem 4.1 and Corollary 3.7)
First, we prove that Mk(G \ x) is a non-trivial matroid. Since Mk(G) is a connected
matroid, by Corollary 3.7, we have: ρ∗k(G) = |E(G)|−|V (G)|+1−k. Since s(x,G) ≤ ρ∗k(G),
we have: k ≤ (|E(G)| − s(x,G)) − (|V (G)| − 1) = |E(G \ x)| − |V (G \ x)| = ∆(G \ x).
Therefore ∆(G \ x) ≥ k. Therefore by Theorem 4.1, Mk(G \ x) is a non-trivial matroid. 
Claim 4.11 Let G be a graph, x a vertex of G, and k ≥ 1. Suppose that
(a1) Mk(G) is a connected matroid,
(a2) s(x,G) ≤ ρ∗k(G), i.e. x is a k-small vertex of G, and
(a3) G \ x ∈ CG./ if k = 1 and G \ x ∈ G./ if k ≥ 2.
Then S(x,G) ∈ NC∗k(G).
Proof (uses Theorems 3.14, 4.2, and 4.3 and Claim 4.10)
By assumption (a3), G \ x has no tree components. Therefore by Theorem 3.14,
S = S(x,G) ∈ Ck(G). Clearly, Mk(G) \ S = Mk(G \ x). We need to prove that Mk(G \ x) is
a connected matroid. By Claim 4.10, Mk(G \ x) is a non-trivial matroid.
Suppose that k = 1. Then since G \ x ∈ CG./, by Theorem 4.3, Mk(G \ x) is a connected
matroid, and so S(x,G) ∈ NC∗k(G).
Now, suppose that k ≥ 2. Then since G \ x ∈ G./, by Theorem 4.2, Mk(G \ x) is a
connected matroid, and so S(x,G) ∈ NC∗k(G). 
Theorem 4.12 Graph structure of non-separating k-cocircuits
Let G be a graph and k ≥ 1. Suppose that Mk(G) is a connected matroid. Then the
following are equivalent:
(c1) K ∈ NC∗k(G) and
(c2) there exists x ∈ V (G) such that K = S(x,G), s(x,G) ≤ ρ∗k(G), and
(c2.1) G \ x ∈ CG./ if k = 1 and
(c2.2) G \ x ∈ G./ if k ≥ 2.
Proof (uses Theorem 4.2 and 4.3 and Claims 4.9 and 4.11)
By Claim 4.11, (c2) ⇒ (c1). We prove (c1) ⇒ (c2). Since K ∈ NC∗k(G), by Claim
4.9, there exists x ∈ V (G) such that K = S(x,G). Since K = S(x,G) ∈ C∗k(G), clearly
s(x,G) ≤ ρ∗k(G) + 1. However, if s(x,G) = ρ∗k(G) + 1, then K contains a cobase of Mk(G),
and so E(G) \ K is a subset of a base of Mk(G). Then Mk(G \ x) has no k-circuit and
therefore is not connected, contradicting K ∈ NC∗k(G). Thus, s(x,G) ≤ ρ∗k(G).
Since K = S(x,G), we have: Mk(G \ K) = Mk(G \ x). Since K ∈ NC∗k(G), matroid
Mk(G \ x) is connected.
Suppose that k = 1. Since M1(G \ x) is connected, by Theorem 4.3, G \ x ∈ CG./.
Now, suppose that k ≥ 2. Since Mk(G \ x) is connected, by Theorem 4.2, G \ x ∈ G./. 
Let Sk(G) denote the set of vertex stars S of G such that |S| ≤ ρ∗k(G).
It is known [9] that NC∗(M(G)) = S(G), where M(G) is the cycle matroid of graph G.
The next theorem is an analog of the above fact for k-circular matroids Mk(G).
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Theorem 4.13 Let G be a 3-connected graph, k ≥ 1, and |E(G)| − |V (G)| ≥ k. Then
NC∗(Mk(G)) = Sk(G).
Proof (uses Theorems 4.1, 4.2, 4.3, and 4.12)
Since |E(G)| − |V (G)| ≥ k, by Theorem 4.1, Mk(G) is a non-trivial matroid. Since G is
3-connected, clearly G ∈ G./. Then by Theorem 4.2 for k ≥ 2 and Theorem 4.3 for k = 1,
matroid Mk(G) is connected. Therefore by Theorem 4.12, NC∗(Mk(G)) ⊆ Sk(G).
Since G is 3-connected, clearly G \ x ∈ G./ and G \ x is a connected graph for every
x ∈ V (G). Therefore again by Theorem 4.12, Sk(G) ⊆ NC∗(Mk(G)).
Thus, NC∗(Mk(G)) = Sk(G). 
5 Uniquely representable matroids with S(G) ⊆ NC∗(G)
Recall that a graph G is uniquely defined by Mk(G) if Mk(G) = Mk(G
′) implies that
graphs G and G′ are strongly isomorphic.
Claim 5.1 [9] Let G be a graph with |V (G)| ≥ 4. Suppose that M(G) is a connected
matroid. Then the following are equivalent:
(c1) G is uniquely defined by M(G) and
(c2) S(G) ⊆ NC∗(G).
In this part we will describe some results on matroids Mk(G) analogous to the implication
(c2)⇒ (c1) in Claim 5.1 about matroid M(G).
We start with the following useful fact.
Claim 5.2 Let G and G′ be graphs and k ≥ 1. Suppose that
(a1) Mk(G) is a connected matroid,
(a2) x is a vertex of G such that S(x,G) ∈ NC∗k(G), and
(a3) Mk(G) = Mk(G
′).
Then S(x,G) ∈ S(G′).
Proof (uses Theorem 4.12 and Claim 4.9)
Since Mk(G) = Mk(G
′), clearly NC∗k(G) = NC∗k(G′). Since S(x,G) ∈ NC∗k(G), we
have: S(x,G) ∈ NC∗k(G′). Since Mk(G′) is a connected matroid, by Claim 4.9, there exists
x′ ∈ V (G′) such that S(x,G) = S(x′, G′). Thus, S(x,G) ∈ S(G′). 
Claim 5.3 Let G and G′ be graphs and k ≥ 1. Suppose that
(a1) Mk(G) is a connected matroid and
(a2) Mk(G) = Mk(G
′) : = Mk.
Then |V (G)| = |V (G′)|.
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Proof (uses Corollary 3.7)
Since Mk(G) = Mk(G
′), we have: ρk(G) = ρk(G′). Since Mk is a connected matroid, by
Corollary 3.7, ρk(G) = |V (G)| − 1 + k and ρk(G′) = |V (G′)| − 1 + k. Therefore |V (G)| =
|V (G′)|. 
Now, we are ready to prove our first results on graphs uniquely defined by their k-circular
matroids analogous to implication (c2) ⇒ (c1) in Claim 5.1 about cycle matroid M(G) of
graph G.
We need the following known fact.
Claim 5.4 [9] Let G and G′ be graphs and E(G) = E(G′). Then G and G′ are strongly
isomorphic if and only if S(G) = S(G′).
Theorem 5.5 A condition for Mk(G) to uniquely define graph G
Let G and G′ be graphs and k ≥ 1. Suppose that
(a1) Mk(G) is a connected matroid,
(a2) S(G) ⊆ NC∗k(G), and
(a3) Mk(G) = Mk(G
′).
Then S(G) = S(G′), i.e. G and G′ are strongly isomorphic.
Proof (uses Claims 5.4, 5.2, and 5.3)
Since S(x,G) ∈ NC∗k(G) for every x ∈ V (G), by Claim 5.2, S(G) ⊆ S(G′). Now, by
Claim 5.3, |V (G)| = |V (G′)|, and therefore |S(G)| = |S(G′)|. It follows that S(G) = S(G′)
and by Claim 5.4, G and G′ are strongly isomorphic. 
It is known [15] (see also [9]) that multi-3-connected graphs G are uniquely defined by
M(G), where M(G) is the cycle matroid of graph G. The next theorem is an analog of the
above fact for k-circular matroids Mk(G).
Theorem 5.6 A condition for a graph G to be uniquely defined by Mk(G)
Let G and G′ be graphs and k ≥ 2. Suppose that
(a1) ∆(G) ≥ k and G ∈ G./,
(a2) ∆(G \ x) ≥ k and G \ x ∈ G./ for every vertex x in G, and
(a3) Mk(G
′) = Mk(G).
Then S(G) = S(G′), i.e. G and G′ are strongly isomorphic.
Proof (uses Theorems 4.1, 4.2, 4.12, and 5.5)
By our assumption (a1) and Theorems 4.1 and 4.2, we have: Mk(G) is a connected
matroid. Since Mk(G) is a connected matroid, by Corollary 3.7, we have:
ρ∗k(G) = |E(G)| − |V (G)|+ 1− k.
Since ∆(G \ x) ≥ k for every vertex x in G, we have:
∆(G \ x) = |E(G \ x)| − |V (G \ x)| = (|E(G)| − s(x,G))− (|V (G)| − 1) ≥ k
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for every vertex x in G. Therefore ρ∗k(G) ≥ s(x,G). By our assumption (a2), G \ x ∈ G./
for every vertex x in G. Since s(x,G) ≤ ρ∗k(G) for every vertex x in G, we have by Theorem
4.12: S(x,G) ∈ NC∗k(G) for every x ∈ V (G). Now, by Theorem 5.6, S(G) = S(G′), i.e. G
and G′ are strongly isomorphic. 
Theorem 5.7 A condition for a graph G to be uniquely defined by M1(G)
Let G and G′ be graphs. Suppose that
(a1) ∆(G) ≥ 1 and G ∈ CG./,
(a2) ∆(G \ x) ≥ 1 and G \ x ∈ CG./ for every vertex x in G, and
(a3) M1(G
′) = M1(G).
Then S(G) = S(G′), i.e. G and G′ are strongly isomorphic.
Proof (uses Theorems 4.1, 4.3, 4.12, and 5.6)
By our assumption (a1) and Theorems 4.1 and 4.3, we have: M1(G) is a connected
matroid. Since M1(G) is a connected matroid, by Corollary 3.7, we have: ρ
∗
k(G) = |E(G)| −
|V (G)|. Since ∆(G \ x) ≥ 1 for every vertex x in G, we have:
∆(G \ x) = |E(G \ x)| − |V (G \ x)| = (|E(G)| − s(x,G))− (|V (G)| − 1) ≥ 1
for every vertex x in G. Therefore ρ∗k(G) ≥ s(x,G). By our assumption (a2), G \ x ∈ CG./
for every vertex x in G. Since s(x,G) ≤ ρ∗1(G) for every vertex x in G, we have by Theorem
4.12: S(x,G) ∈ NC∗1(G) for every x ∈ V (G). Now, by Theorem 5.6, S(G) = S(G′), i.e. G
and G′ are strongly isomorphic. 
Theorem 5.8 Let G and G′ be graphs and k ≥ 1.
Suppose that
(a1) G is a 3-connected graph,
(a2) Ck(G) 6= ∅,
(a3) s(x,G) ≤ ρ∗k(G) for every vertex x of G, and
(a4) Mk(G
′) = Mk(G).
Then S(G) = S(G′), i.e. G and G′ are strongly isomorphic.
Proof (uses Theorems 4.1, 4.2, 4.3, 5.6, and 5.7)
Since G is a 3-connected graph, G ∈ CG./. Since Ck(G) 6= ∅, by Theorem 4.1, matroid
Mk(G) is non-trivial. Therefore, by Theorems 4.2 for k ≥ 2 and 4.3 for k = 1, Mk(G)
is a connected matroid. Clearly, all assumptions of Theorems 5.6 and 5.7 hold. Thus,
S(G) = S(G′), i.e. G and G′ are strongly isomorphic. 
Remark 5.9 Theorems 5.6 - 5.8 describe various conditions that guarantee a unique graph
representation of some k-circular matroids.
6 Uniquely representable matroids with S(G) 6⊆ NC∗(G)
Now, we will describe some results on matroids Mk(G) illustrating a new phenomenon
when implication (c1) ⇒ (c2) in Claim 5.1 does not hold if matroid M(G) is replaced by
Mk(G).
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Theorem 6.1 Let G and G′ be graphs and k ≥ 1.
Suppose that
(a1) both graphs G and G′ have no loops,
(a2) Mk(G) is a connected matroid,
(a3) G has exactly one vertex v such that S(v,G) /∈ NC∗k(G), and
(a4) Mk(G
′) = Mk(G).
Then S(G) = S(G′), i.e. G and G′ are strongly isomorphic.
Proof (uses Claims 5.4, 5.2, and 5.3)
If x is a vertex of G distinct from v, then by Claim 5.2, S(x,G) ∈ S(G′). Then S(G) \
{S(v,G)} ⊆ S(G′). By Claim 5.3, |V (G)| = |V (G′)|, and therefore |S(G)| = |S(G′)|.
Therefore only one vertex, say v′, in G′ is such that S(v′, G′) 6∈ S(G) \ {S(v,G)}. Then
S(G′) \ {S(v′, G′)} = S(G) \ {S(v,G)}. Thus, it remains to prove that S(v,G) = S(v′, G′).
Let e ∈ S(v′, G′). Then clearly, e belongs to at most one element of S(G′) \ {S(v′, G′)}.
Since S(G′) \ {S(v′, G′)} = S(G) \ {S(v,G)}, we have: e belongs to at most one element of
S(G) \ {S(b,G)}. Since G has no loops, e is incident to b. Hence S(v′, G′) ⊆ S(v,G).
Since both G and G′ have no loops, by the arguments similar to those above,
S(v,G) ⊆ S(v′, G′). Thus, S(v,G) = S(v′, G′). Hence S(G) = S(G′), and by Claim 5.4, G
and G′ are strongly isomorphic. 
Theorem 6.2 Another condition for Mk(G) to uniquely define graph G
Let G and G′ be graphs and k ≥ 1. Suppose that
(a1) Mk(G) is a connected matroid,
(a2) S(x,G) ∈ NC∗k(G) for every vertex x of G except for one vertex v,
(a3) if p is a loop in G, then p is incident to v,
(a4) v is not a k-big vertex of G and G \ v has no tree component, and
(a5) Mk(G
′) = Mk(G).
Then S(G) = S(G′), i.e. G and G′ are strongly isomorphic.
Proof (uses Theorems 3.6, 3.14 and 6.1 and Claims 3.4, 5.2, and 5.3)
Our first step in proving our theorem is to prove that there exists a bijection
α : V (G)→ V (G′) such that S(x,G) = S(α(x), G′) for every x ∈ V (G) \ v.
If x is a vertex of G distinct from v, then by Claim 5.2, S(x,G) ∈ S(G′), and so S(G) \
{S(v,G)} ⊆ S(G′). Therefore for x ∈ V (G) \ v there exists a unique vertex x′ such that
S(x′, G′) = S(x,G). In this case we put α(x) = x′. Since Mk(G) is a connected matroid
and Mk(G
′) = Mk(G), by Claim 5.3, |V (G)| = |V (G′)|, and therefore |S(G)| = |S(G′)|.
Hence only one vertex, say v′, in G′ is such that S(v′, G′) 6∈ S(G) \ {S(v,G)}. Clearly,
v′ 6= α(x) = x′ for every x ∈ V (G) \ v. We put v′ = α(v). Clearly, α is a bijection from
V (G) to V (G′) and S(x′, G′) = S(x,G) for every x ∈ V (G) \ v.
Now, we will prove that α is a strong isomorphism from G to G′. Obviously, it is sufficient
to prove that S(v,G) = S(α(v), G′) = S(v′, G′).
(p1) First, suppose that G has no loops. By Theorem 6.1, it is sufficient to prove that G′
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has no loops. Suppose not. Then G′ has a loop, say e. Since G has no loops, e is not a
loop in G, and so e is incident to two distinct vertices in G, say x1 and x2. We claim that
v ∈ {x1, x2}. Indeed, suppose not. Then v /∈ {x1, x2}. Therefore e ∈ S(x1, G) ∩ S(x2, G),
and so e ∈ S(x′1, G′) ∩ S(x′2, G′). Since x′1 = α(x1) 6= α(x2) = x′2, e is not a loop in G′, a
contradiction. Thus, e in G is incident to v and to another vertex of G, say z.
Since e ∈ S(z,G) = S(z′, G′) and e is a loop in G′, clearly, edge e is a loop at z′ = α(z)
in G′. Now, by assumption (a4) of our theorem, |S(v,G)| ≤ ρ∗k(G) + 1 and G \ v has no
tree component. By Theorem 3.14, S(v,G) ∈ C∗k(G). Therefore, by Claim 3.4, there exists
B ∈ Bk(G) such that e is a dangling edge at v in G〈B〉. Since Mk(G′) = Mk(G), clearly,
B ∈ Bk(G). Since G has no loops and S(x′, G′) = S(x,G) for every x ∈ V (G) \ v, we have:
G〈B〉 \ v = G′〈B〉 \ v′. Therefore v′ is an isolated vertex in G′〈B〉, and so B does not span
V (G′), contradicting Theorem 3.6.
(p2) Now, suppose that G has a loop. Since S(x′, G′) = S(x,G) for every x ∈ V (G) \ v, an
edge p is a loop at v in G if and only if p is a loop at v′ in G′.
First, suppose that e ∈ S(v,G) and e is not a loop in G. By our assumption (a4)
and Theorem 3.14, S(v,G) ∈ C∗k(G). Therefore, by Theorem 3.4, there exists B ∈ Bk(G)
such that e is a dangling edge at v in G〈B〉. Clearly, from our assumption (a3) and equality
S(x′, G′) = S(x,G) for every x ∈ V (G)\v we have: G〈B〉\v = G′〈B〉\v′. If e is not incident
to v′ in G′, then B does not span V (G′), contradicting Theorem 3.6. Thus, e ∈ S(v′, G′).
Finally, suppose that e ∈ S(v′, G′) and e is not a loop in G′. Since S(x′, G′) = S(x,G)
for every x ∈ V (G) \ v, clearly, e belongs to at most one element of S(G) \ {S(v,G)}. By
our assumption (a3), edge e is incident to v in G. Therefore e ∈ S(v,G). 
Using Theorem 6.2 and the arguments similar to those in the proof of Theorem 5.6, one
can prove the following theorem.
Theorem 6.3 Another condition for G to be uniquely defined by Mk(G)
Let G and G′ be graphs and k ≥ 2. Suppose that
(a1) ∆(G) ≥ k and G ∈ G./,
(a2) ∆(G \ x) ≥ k and G \ x ∈ G./ for every vertex x in G except for one vertex v,
(a3) if p is a loop in G, then p is incident to v,
(a4) v is not a k-big vertex of G and G \ v has no tree component, and
(a5) Mk(G
′) = Mk(G).
Then S(G) = S(G′), i.e. G and G′ are strongly isomorphic.
Using Theorem 6.2 and the arguments similar to those in the proof of Theorem 5.7, one
can prove the following theorem.
Theorem 6.4 Another condition for G to be uniquely defined by M1(G)
Let G and G′ be graphs. Suppose that
(a1) ∆(G) ≥ 1 and G ∈ CG./,
(a2) ∆(G \ x) ≥ 1 and G \ x ∈ CG./ for every vertex x in G except for one vertex v,
(a3) if p is a loop in G, then p is incident to v,
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(a4) v is not a 1-big vertex of G and G \ v has no tree component, and
(a5) M1(G
′) = M1(G).
Then S(G) = S(G′), i.e. G and G′ are strongly isomorphic.
Using Theorems 4.1, 4.2, 4.3, 6.3, and 6.4 and the arguments similar to those in the proof
of Theorem 5.8, one can prove the following theorem.
Theorem 6.5 Let G and G′ be graphs, t ∈ V (G), and k ≥ 1. Suppose that
(a1) graph G is 3-connected,
(a2) Ck(G) 6= ∅,
(a3) s(t, G) = ρ∗k(G) + 1 and s(x,G) ≤ ρ∗k(G) for every vertex x of G distinct from t, and
(a4) Mk(G
′) = Mk(G).
Then S(G) = S(G′), i.e. G and G′ are strongly isomorphic.
Claim 6.6 (2.3.2 in [6])
Let G be a graph with v(G) = v and e(G) = e. Suppose that G is 3-connected and has a
vertex x such that d(x,G) > e−v. Then G is the wheel with center x, and so d(x,G) = v−1
and d(z,G) = 3 for every z ∈ V (G) \ x.
From Claim 6.6 and Theorems 5.8 and 6.5 we have, in particular:
Theorem 6.7 Every 3-connected graph G not isomorphic to a complete graph on 4 vertices
is uniquely defined by its bicircular matroid M1(G).
Another proof of Theorem 6.7 can be obtained using some results in [2].
Figure 3: Graph K is not uniquely defined by matroid M1(K).
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Theorem 6.8 When is a 3-connected graph G uniquely defined by Mk(G) ?
Let G be a graph, k ≥ 1, and Mk(G) the k-circular matroid of G. Suppose that G is
3-connected. Then the following are equivalent:
(c1) G is uniquely defined by Mk(G) and
(c2) |E(G)| − |V (G)| ≥ k and either every vertex of G is k-small or every vertex of G is
k-small except for one which is k-tight.
The implication (c2) ⇒ (c1) of Theorem 6.8 follows immediately from Theorems 5.8
and 6.5. In our next paper we will describe some graph operations that will provide non-
isomorphic graphs with the same k-circular matroid. Implication (c1) ⇒ (c2) in Theorem
6.8 will follow from those results.
Theorem 6.8 is a natural extension of the classical Whitney’s matroid-isomorphism the-
orem on the cycle matroid of a 3-connected graph [15] (see also [9]).
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